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Abstract. In this article, we first briefly introduce the history of the Weil- 
etale cohomology theory of arithmetic schemes and review some important 
results established by Lichtenbaum, Flach and Morin. Next we generalize the 
Weil-etale cohomology to 5-integers and compute the cohomology for constant 
sheaves Z or R. We also define a Weil-etale cohomology with compact support 
Hc{Yy[r, — ) for Y = Spec Op s where F is a number field, and computed them. 
We verify that these cohomology groups satisfy the axioms state by Lichten- 
baum. As an application, we derive a canonical representation of Tate sequence 
from Rrc(Yj4/, Z). Motivated by this result, in the final part, we define an etale 
complex RGui, such that the complexes RHomz(Rr(f7^t, i?Gm), 2] and 
T— Rrc(f7i4', Z) are canonically quasi-isomorphic for arbitrary etale U over 
Spec Op . This quasi-isomorphism provides a possible approach to define the 
Weil-etale cohomology for higher dimensional arithmetic schemes, as the Weil 
groups are not involved in the definition of RGm- 
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1. Introduction 

Stephen Lichtenbaum conjectured that there exists a new cohomology theory, 
called Weil-etale cohomology, for arbitrary arithmetic schemes X, such that its 
cohomologies are connected to the zeta function oi X. In fS', he defined a prototype 
of such a cohomology theory for number rings. The main idea is replacing the role 
of Galois groups in the etale cohomology by Weil groups. There is still no exact 
definition for the Weil-etale cohomology. Let ip : X ^ X he a fixed Nagata 
and Artin-Verdier style compactification, and here we list the axioms suggested by 
Lichtenbaum: 

a) The Weil-etale cohomology groups with compact support H^(X, Z) :— H'^(X, <j}\'L) 
are finitely generated abelian groups that equal to almost everywhere, and 
independent of the choice of compactification of X . 

b) If R denotes the sheaf of real valued functions on X, then H^{X,M.) and 
H^{X,'Z) are independent of the choice of <j). Moreover, the natural map 
from H^{X,'Z) (EDz K to H^{X,M.) is an isomorphism. 

c) There exists an element ip € H^{X,M.) such that the complex 

— ^ Hl{X, i) — ^ H'c+^{X, i) 
is exact. In particular, 

^(-l)MimiJ^(X,i) = 0. 

d) ords=oCxis) = ranhHUX,Z). 

i>0 

e) The Euler characteristic Xc{X)(see Def. \4-l^ of the complex Z) is 
well-defined, and the leading coefficient of the Taylor's expansion of C,x{z) 
at z = is ±Xc{X). 

The cohomology theory II*{Xw, — ) for X = Spec Op, where F is a number field, 
defined in |B], is an inductive limit of cohomology for a projective system of sites. 
And the above axioms hold only under the assumption H''{Xw, Z) = for all j > 3. 
However, Matthias Flach proved that the cohomology group II^{Xw,'^) is an 
infinitely generated abelian group for even i > 4, and is for odd i > 5. In a recent 
paper [5] , by modifying the prototype defined by Lichtenbaum, Flach and Baptiste 
Morin constructed a topos that recovers the Lichtenbaum Weil-etale cohomology 
groups for number fields. By this result, one may avoid the limit process for the 
case of number fields. 

Recall that Lichtenbaum only defined the Weil-etale cohomology for Spec Op-, 
but one can generalize it to its arbitrary open subschemes Y — Spec Of,s in an 
obvious way. In section 3, we compute the Weil-etale cohomology of Y with Z- 
coefficients and give a brief review of Morin's results concerning Weil-etale coho- 
mology. From section 4, we assume that the ground field F is totally imaginary. 
Under this assumption, in section 4.1, we show that the Weil-etale cohomology 
groups with compact support for S*- integers with Z or M-coefficients are as follows, 
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'0 

Pic(r)^ X Hom(Us , Z) p^2, 



and 



n^ffi/M p=l,2, 
otherwise. 
The computation is based on Theorem 14 . 1 1 that there exists an exact triangle 
Rrc(ret,Z) ^ r^^RTciYw,Z) ^ Hom(Us,Q)[-2] ^ . 

In section 4.2, we show that ah the axioms (a)-(d) hold for S'-integers if we trun- 
cate the cohomologies of higher degrees. The proof relies on that in Lichtenbaum's 
original paper and a closer look of the effect of the cup product by ip. 

Recall that for any Galois extension F/L of number fields with Galois group G, 
and a G-stable subset S of valuation of F containing all the infinite places and 
those ramified in F/Q and so that Pic(C'F,s) = 0, then, by using class field theory, 
one can define an exact sequence ([l^ Theorem 5.1) 

^ Us -> v4 ^ S ^ ^ 0, 

where Us is the group of 5-units, Xs := {{xy) G UtieS^IS^f = 0} ^^'^ ^ 
and B are finitely generated cohomologically trivial Z[G]-modules. We call the 
complex A — J> _B the Tate sequence associated to S. The Tate sequence is not 
unique, but one can choose the complex '■ A ^ B so that it represents a certain 
canonical class of ExtQ(Xs, Us)- We denote by the complex A — >■ i? — >• Xs®zQ 
and (-)^ := RHomz(-,Q/Z) = Homz(-,Q/Z). Burns and Flach(f3] Prop. 3.1) 
showed that there is a map of complexes, 

$s^i?r,(r,t,z)^[-3], 

inducing an isomorphism on i?* for i ^ and the inclusion Us ^ Us ■— Us <E>z Z 
on iJ". In section 231 we are able to show that t-^ RT c{Yw , 'Z) gives a canonical 
description of the complex in the sense that there is an quasi-isomorphism, 

qis 



(1) ^s ^ RHom (^T^3 j^Fc (Fh- ,Z) ,Zj [-2]. 

In the final section, we construct a canonical complex i?Gm of ygt-sheaves as 
an element of Exty ^ {,!%', Gm), where ^ is the Fet-sheaf associated to the presheaf 
Um Xjj^jj. We show that 



H\U^t,R'G,n) = i?'(^RHom2;(r^-^Rrc(C/w,Z) ,Z)[-2]j, Vi > 0, 

for any etale U — > SpecOf Therefore, it may be possible to define certain Weil- 
etale cohomology for arbitrary arithmetic scheme by generalizing RG^. 
Moreover, we prove that, in fact, there is a canonical quasi-isomorphism: 

Rr(C/et, R Gm) ^ RHomz(r^3 Rrc(C/w, Z) , Z) [-2] in D{Z[G]), 

for any etale U — Spec Op, when 5' is stable under the action of G. When U small 
enough so that the Tate sequence exists, this together with ([T]) show that 

Rr(?7,t,i?G,„)~^'s. 
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When G is the trivial group, this imphes the quasi-isomorphism, 

RHom(r=£3Rrc(C/^^Z),Z)[-2] ~ Rr([/^t, 

in D{Z), for any etale U SpecCi?. 

Therefore, one sees that the the complex Kr{Uet, RGim) generalizes the Tate 
sequences and its Z-dual recovers the truncated Weil-etale cohomology groups of 
S'-integers. 

Also, this suggests the following duality property: 

Conjecture. There is a (perfect) paring 

RHom,7,,(^,i?G,n) X T^^RTciUw,-^) 

for a certain class of etale sheaf ^ on U. 

The reason that it is hard to generalize Lichtenbaum's prototype to higher dimen- 
sional arithmetic schemes ^ is that there are no Weil groups for higher dimensional 
fields. However, Theorem 15.31 shows us a probability to generalize Lichtenbaum's 
prototype, because we do not use Weil groups when defining the complex RGm- 
One direct conjecture is that 

Conjecture. For an arithmetic scheme X of dimension n, one may define a com- 
plex R'Z{n) in Ext^(Z(n), =^*(n)), so that the Z-dual of 'RT{,'^ et, R'^{n)) defines 
certain Weil-etale cohomology theory, where ^'(n) is a complex of etale sheaves 
that depends on n. 

2. Preliminary 

Notation. Here we list the notations that are used frequently throughout this 
article. 

• F is a number field if not specified, Gp is its absolute Galois group. G is 
reserved to be the Galois group of any Galois extension F/L. 

• Op'- the ring of integers of F. 

• Spec Op'- the Artin-Verdier compactification of Spec Of, which, as a set, is 
the same as the set of the equivalence classes of valuation of F (the trivial 
valuation is included) . We say a subset of Spec Of is open if it has finite 
complement. 

• For any open subset U of Spec Of, we denote by 

— U :— Spec Of, 

- K{U) : the function field of U, 

~ Uoo (resp. Uf): the set of points of U corresponding to infinite (resp. 
finite) places of K{U). 

• For any field K , A4k is the collection of equivalence classes of valuations 
of i^. 

• vq: the trivial valuation of F. 

• 5: a finite subset of Mr- We always require that it contain all the infinite 
places then S = Spec Of — Spec Of,s as sets. 

• 5oo(resp. Sf): the subset of all the infinite (resp. finite) places in S. 

• Us: the group of units of Of, s. 

. i-y := Homz(-,Z), (-)^' := RHomz(-,Q/Z) = Homz(-,Q/Z) and 
(— )^ := Homcont(— , K/Z) the Pontryagin dual. 
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• Xs: = e Uves = 0}. Hence ^jJ^Z/Z and {X^Y = 
Xs. 

• Cf- the usual idele class group Cp (resp. F^) when the field F is global 
(resp. local). 

• For any site C, the category of abelian sheaves Sh{C) is abelian and has 
enough injectives. 

2.1. The Weil Groups for Number Fields and Local Fields. 

2.1.1. Weil Groups. Idele class groups and Galois groups are the central objects 
in class field theory. In 1951, Weil introduced the Weil groups, which carries the 
information of both. There are many equivalent ways to define the Weil groups, 
(cf. [13] sec.l). A brief definition of the Weil group for F (global or local) is as 
follows : let K/F be any finite Galois extension, and the relative Weil group W^/f 
be the extension 

I^Ck^ Wk/f Gal{K/F) 1 
representing the canonical generator /f of the group 

H\G'^\{KIF),Ck) = jj^^Z/Z. 

By abuse of language, the absolute Weil group for F is defined as 

Wf ■= ^iin Wk/f, 

K/F 

where the index runs over all finite Galois extension K / F . This induces a continuous 
morphism ap ■ Wf Gf with a dense image, and we know that there is an 
isomorphism of topological groups : Cf — > W^ ([1] p. 238-239). 

From now on we restrict F to be a number field. Let K/F be a finite Galois 
extension, and 5* be a finite set of places of K containing all the infinite ones and 
those ramified in K/F, we define Wk/f,s to be the extension Ck,s '■— Ck/Uk,s 
by Gdl{K/F) that represents the canonical class ax/F.s of the group 

H^{G&\{K/F),Ck.,s) = H^[G&\{K/F),Gk), 
where Uk,s is the ideles of the form [a^) in which Ct, = 1 (resp. £ ) for 
all V E S (resp. v ^ S). It is easy to see that Wk/f.s — Wk/f/Uk,s and then 
^K/FS ^ ^K,s- Together with the map log | • | : Ck,s ^ one defines a map 
^L,s : Wk/f,s ~^ Further, we know that Wf = ^m^^^,^ ^ W^/ f.s ■ (E] Lemma 
3.1), and there is a canonical map l^g : Wf — > M. 

2.1.2. Weil Maps. For any non-trivial place v of F, we choose a place ?7 of F lying 
over V once for all, and denote by Dy the associated decomposition group and 
ly the inertia group. This induces an embedding Ot, : Dy = Gf^ — ^ Gf- We 
set G'fc(^) :— Dy/Iy. Note that then Gj,(„) = 1 for any infinite place v. By the 
construction of Weil groups, there exists a so-called Weil map 9^ : Wf^ Wf, 
which is also an embedding such that the following diagram commutes. 

Wf^ Wf 



Gf„ — Gf. 
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For any non-trivial place v, the composition Z„ : Wp^ ^ ^ — ^ M 

has kernel p-i(0^J. Thus, Wk(^) := WpJp'^iOpJ ^ Z (resp. ^ R) when v ] oo 
(resp. w|oo.). We denote the quotient Wp^ Wk(v) by n^. Summarily, the diagram 

(2) Wp^ Wkiy) 

Wp '"° ^ R, 

is commutative. Note that, for any finite place v, 1^ sends the generator a^, of Wk(v) 
to logiV(w). 

Consider the commutative diagram 

Wp^'^ ^Wp 



Wk^/p,. ^ Wk/f^s = Wk/p/Uk,s- 

It is not hard to show that the image of Wp^ in Wk/f,s is isomorphic to Wk^/p^ 
( resp. Wk^/p^/O^^ ) when v & S (resp. v ^ S). This implies the canonical map 
TTy : Wp^ Wk{v) factors through Wf„, where Wp^ is the image oiWp^ in Wk/p,s- 
We denote : Wp^ Wk(v) and 9y : Wp^ — >■ Wx/f,s- 

2.2. The Classifying Topos and Cohomology of a Topological Group. Let 

G be a topological group. We denote by B^'^G the small classifying topos of G 
the category of discrete sets on which G acts continuously, and by BxopG the 
classifying site of G, the category of G-topological spaces endowed with the local 
section topology Jis (see [8] sec. 1), and Eg ■= Sh{BG, Jis) the topos of sheaves 
on this site. Let ea be the final object of Bg, we define the global section functor 
Fg as HomBG(eG, — )• For any abelian object A of Bq, wc define the cohomology 
of G with coefficient A by 

W{G,A) :^RHrG){A). 

Let A be any continuous G-module, and A : X HomBG(^, then H^{G,A) 
coincides with the usual group cohomology group H^{G,A) when G is a profinite 
group ([8 corollary 2.4). 

Theorem 2.1 ( [8 Thm. 3.6 & [3; Thm. 10.1). 

Z q = 0, 

Cp"" q = 2, 

odd q, 

is of infinite rank even > 4, 

where Cp is the idele class group with norm one and V := Homconti(— , K/Z) the 
Pontryagin dual. 



H''{Wp,Z) = 



ON THE WEIL-ETALE COHOMOLOGY OF THE RING OF S-INTEGERS 



7 



2.3. The Etale Cohomology with Compact Support. There are many kinds 
of etale cohomologies with compact support. Let cf) : U — SpecOL.s SpecO^. 
We denote by Hl{U^tT^) '■= H^{{SpccOL)et,(f>\-^) the cohomology with compact 
support, which is equivalent to be defined by the exact triangle 

Rr,(f/et,^) ^ Rr(c/et,^) ^ Yl Rr{L^,^) ^ . 

One can define a modified cohomology with compact support, Hl{Uet, by 
replacing the complex Rr(Lu,,^) in the above exact triangle by KTTate{LwT^) 
for each infinite places w. 

Since Tate cohomology is isomorphic to the original cohomology for degree > 
1, these two cohomologies with compact support are the same for degree > 2. 
Moreover, the difference between these two kinds of cohomologies is measured by 
the exact triangle, 

Rre(f/et,=^) ^Rrc(c/et,^) ^ RrA(L„,^)^, 

where RT^^L^,,^) := cone(Rr(L^, ^) ^ RTrateiL^. 

Assume that L is totally imaginary and set ^ = Z, we have the following exact 
triangle, 

(3) Rr,(f/,t, Z) ^ Rfe (C/et, z) ^ Z [0] ^, 

w I oo 

2.3.1. Artin-Verdier Duality. Consider the pairing 

BTeiUsu.^) X RUomu,A-^,Grn) ^ RT^U.t^Gm) ^ Q/Z[-3]. 

It induces a morphism 

AV{.^) : RHom[7,,(^,Gn,) ^Rre(C/et,^)''[-3]. 

The Artin-Verdier duality theorem (cf. [S] Theorem 3.1) shows that ^{AViZ)) is 
an isomorphism for i > I and H'^ (AV (li)) : Us ^ Us, which can be summarized 
in an exact triangle 

(4) RTiUsuGrn) ^ Ilfe(C/et,Z)^[-3] ^ Us/Us[0] ^ . 
Together with the Q/Z-dual of we obtain the following exact triangle 

(5) RriUet,<Gm) ^ RTciUet,Zf[-3] ^ Us/Us[0] © (n,|o,Q/Z)h2] ^ . 
We will need exact triangles ([U, (|3]), and ([S]) in the last part of this article. 

3. The Weil-Etale Cohomology of S'-integers 

3.1. The Definition. We fix a number field F and set Y = Spec Of- Let K/F 
be a finite Galois extension and 5 be a finite set of non-trivial valuations of F, 
containing all those which ramify in K/F. The site Tx/f,s was defined in [8] as 
follows: 

The objects of Tk/f,s are the collections 
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where Xy is an Wk{v)-space, and fv : X„ — > X^^ is map of iyF„-spaces. ( We regard 
Xv as an Wf„ -space via tti,, and X^g as an M^f„ -space via Qv)- Further, we require 
that the action of Wf on Xy,, factors through W^/p^s- 

Let X = {{Xy), {U)) and A" = ((X^), (/^)) be objects of T^f/^^^s, then i7om( A", A") 
is the collections of M^F„-niaps gv '■ Xy — > X^ such that gvgfv — fv„gv for all v. And 
the fibre product of two morphisms with the same codomain is defined componen- 
twise. 

The covering Cov{Tj^^p g) consists of the family of morphisms (fi^v)) 
{{Xy), {fv))}i such that {Xi,y — Xy}i is a local section covering of Xy for all v. 

We denote Tk/f.,s the topos Sh{Tx/F,Sj Jis)- 

Clearly, *k/f,s — {{pi)i {id)) is the final object of Tk/f.s- For any abelian sheaf 
,^K,s on it, we define the cohomology HP{Tk/f.s, ■^k,s) by HP{Tk/f,s, ■^K,s)- 

'■K,S,v 



For each non-trivial place v, the map ij^c^ „ : {{Xy)) i-^ X^, induces an embedding 



of topoi iK s y ■ 



Tk/f.s- When v = ug, we denoted by jx,s the embedding 



iK.,S,v ■ Bwk/f,s ~^ Tx/F,S- 

For any finite Galois extension K' of K, and S' D S, the canonical morphism 

P ■ Wk'/f,s' Wk/f,s defines a transition map t^'/K^s'/s ■ Tk'/f,s' ^ Tk/f,s 
{ by regarding any WV'/F_5'-space as an WV/p^s-space via p). We will throw out 
K, S from the index if there is no risk of confusing. 

Proposition 3.1 ( llj Prop. 3.5, 3.14). a) z,*, iy.^, and j* are exact, andiy^^,i* 
id. 

b) We have the following commutative diagram 



B 



3k, s 



■ Tk'/F,S' 



Vk/f.s ^ Tx/p^s- 

Proposition 3.2 (ibid., Prop. 3.15, 3.16). a) There is a morphism 

fK,s '■ Tk/f,s Bu 
so that fx.s o iy is isomorphic to Bi^ : Bw^^^^ Btsi, for any closed point 
V ofY. 

b) The following diagram is commutative 




Tk'/f,S' 



■ Tk/f,s 



Bb 



for any F/K'/K/F and S C S' . 
Definition 3.1. A compatible system of abelian sheaves on the sites {Tk/f,s)k,s 
is a collection {{Fks)^{4>k' /kS' /s)}, where Fk,s e T^/p^s a-nd i>K'lKS'IS is a 



morphism t 



K'/K,S'/S-' 



F, 



K'.S 



, such that if K" / K' / K a series of finite Ga- 



lois extensions and S" D S' D S, then 4>k" /k,S" /S 

4'K'/K,S'/S- 



= t 



K"/K',S"/S'y'PK"/K',S"/S' 
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Definition 3.2. Let ^ = {(Fk.s), {(f'K' /k,S'/s)} be any compatible system of 
sheaves on the sites {Tx/pg)K,s, then we define the Weil-etale cohomology on 
SpecOf for^, Hp(Vw,.^) to be Ivn^^ ^ HP{Tk/f,s, Fk.s)- 

Example 3.1. LetpK,s &e the morphism Bw^ Bwk/fs o,i^d A be an abelian ob- 
ject of B-^p associated to a topological abelian Wp-group A. Then A :— {{jK,s.*PK,s.*-^, {4')} 
forms a compatible system of sheaves, where 

4'K'/K,S'/S ■ t*jK,S,*PK,*A = t*t^jK',S',*PK',*A j K' ,S' ,*PK' ,*A 

is the natural map induced by the adjunction. We define HP{Yw, A) to be HP{Y\y, A). 
In particular, if A is a topological abelian group on which Wp acts trivially, then 
A is called the constant sheaf with A-value. We denote by A the constant sheaf 
defined by A if A has the discrete topology. 

In [TT], Morin gave a direct description of the topos Tj^/p g. Recall that Wk^ 

denotes the image of Wk^. in Wk/f.Si and dy : Wk^ ^ Wk/f,s and : Wk^ 
Wk(v) are the induced continuous maps. 

Definition 3.3 (ibid., Def. 3.1). We define a category ^k/f.s as follows. The 

objects of this category are of the form T = (Fv \ fv)^^ , where Fy is an object of 
for vj^vo( resp. of Bwk/f,s f"^ " = '"o) and 

fy : q:,{Fy) ^ e^FyJ 

is a morphism of B^^ so that fy^ = *'^F„„ • ^ morphism cj) from J- — [Fy] fv)^^Y 
to T' = (F^; fy)y^Y family of morphisms (j)y : Fy F^ € Fl{BwK„){and <pyg £ 
FI{Bwk/f,s)) 

q*{Fy)^^q:{Fl) 



K (0^n ) 

is a commutative diagram of B^^ . 

For K — F and S the set of all non-trivial valuations of F, one has Wx^p g = 
Wp, Wp^ = Wp^ and we set Sk/f,s = ^w-y- 

Proposition 3.3 (ibid., Thm. 5.9). Sk/f,s a topos and is equivalent to T^/p.g 
as a topos. 

In the following, we identify Sk/f,s and Tj^/p g. 

Proposition 3.4 (a special case of [H] Lemma 4.5 & Prop. 4.6). Let A be an 

abelian object in Bwp defined by A on which Wp acts trivially, then 

a) RPj^A :— {{RP{jK,s,*){PK,s.*^), {4')} is a compatible system of sheaves. 

b) There exists a spectral sequence 

HPiYw^R'j^A) =^ HP+'^{Wp,A). 
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w, 



Proposition 3.5 Thm 5.10, [4] Theorem 11.1). 

'Z p = 0, 

_ P = l, 

Mf P = 3, 

is o/ infinite rank even p > 4, 
^0 ode? p > 5, 

where Pic^(y) is f/ie kernel of the absolute value map from Pic(l") to M^*' and 
Pic(y) is the Arakelov Picard group of F , which is obtained by taking the idele 
group of F and dividing by the principal ideles and the unit ideles( i.e. those idele 
(wu) s.t. \uv\v = 1 for all v.). 

Proposition 3.6 ( 8] Theorem 5.11). 

10 p> I. 

More generaUy, for any open subscheme U — Spec Of, s of F, [/ defines an open 
sub-topos ^K/F.s'/u ^ ■Sk/f,s'j the full sub-category of Sk/f,s' whose objects are 
of the form T = [Fy] f^)^(zij (i.e. F^ = ^ for v £Y — U). One can show that 

■Sk/f,S'/u is equivalent to T^^^g,, where T^^^g, is defined similarly as Tx/f,S' 
by throwing out from each object all the u-components for u G F — [/. We have the 
usual embeddings jK/F,S' ■ ^v/^/f.s' ~^ Sk/f,s'/u and if : Bwk^^^ ^k/f,S'/u- 

Definition 3.4. We define the cohomology HP{^ii/F.S' , U, — ) := HP{^k/f.S' /u, —), 
and HP{Uw,^) ='^^HP{^K/F.S',U,Z). 

Proposition 3.7. For any proper open subscheme U ~ Spec 0^,5 ofY, 

"L p==0, 
p is odd, 

Proof. There exists the Leray spectral sequence induced by the inclusion of the 
generic point 

^:}^K,F,S' H''{SK/F,S'/u,R'fK/F,S'.*^) =^ H'^+'i [Wp ,1) . 

By the same argument of Theorem 4.8, for q > 0, one has Fl'^jfc/p S' *^ ~ 
]lv^S'\sivjTR'^jK/F,S',*'^- Moreover, the functor if = Ri(if f^^^g, = 

R'^{iv*^^*i^*3K/F,s',*) = R'^ii*v3K/F,s\*) = i*vR'^3K/F,s',*, where i^ is the open em- 
bedding dK/F,S'/u ^K/F.S'- 

Thereioie Jot any q>0,HP{dK/F,S'/u,R''jfc/F,s',*^)=^veS'\sHnWkiv),i:R'jK/F,S'.^^^ 
By the computation due to Flach [3], we have 

r Z g = 0, 

^j^K/F,S' Hn^K/F,S'/u, R'fK/F,S',*^) = \ U.eu P = and q = 2, 

lo p>0andg=^2. 



HP{Uw,1') = 
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So the 2nd page of the spectral sequence looks like the following, 






H°{Uw,^) H^Uw,^) H^iUw,^) H^{Uw,1)- 



This gives us H^{Uw,'Z) = Z, H^iUw,"^) = H^{Wf,I') = and the exact 
sequence, 



^ H^iUw,^) ^ H^Wf,^) ^ Uveu ^ H^{Uw,^) ^ H^Wf,Z) = 0, 



^l.X) 

which is dual to 

^ H^iUw, ^ Uveu Uv ^ C^F ^ H^iUw,^r ^ 0. 

As the middle map is injective when [7 is a proper subset of y, we see that 
H^iUw,"^) = iCj'/Uv&uUv)'^ and H^iUw,"^) = 0. And for p > 3,HP{Uw,^) = 
HP{Wf, Z), which is vanishing for odd p > 3. □ 

Definition 3.5. Let ,^ ~ {Fk/f,s) be a compatible system on sheaves on the site 
{Tf[/f,s)- Then :— {i*j^ sv-Fk/f,s) o, compatible system of sheaves on the site 
T^Wk(^) 0,"^^ it gives rise to restriction maps H*{Tfc/F.Si Fk/f.s) ~^ H*{k{v)w^iK s v-Fk/f,s)- 
Let U be any open subscheme ofY. Since U = Y, we define the Weil-etale coho- 
mology with compact support for an open subscheme U with coefficient ^ as 
the cohomologies of the mapping cone 

Rr,iUw,.^):=cone(^RT{Yw,^)^ Rr(fc(i;)M/, ^:^)) [-1], 

where k{v)w ■— Bw^^^y The map IiT{Yw,-^) Rr{k{v)w lil^^) is derived by 
first applying global section functor to Ipi^^p ^ ^ iK,S,v,*Ii* ^ f^/f s '^^'^ then tak- 
ing the inductive limits, where Ifk/f s ('"'^^V- -^f* Fk/f injective resolution 
of FK/F,s(fssp. i*^ s v-Fk/f,s)- Note that the complex HTc{Uwt^) is uniquely de- 
termined up to homotopy equivalences. 

As HP{k{v)w,'^) — i^^(W^fe(i;) J Z) has non-vanishing cohomology (all equals to 
Z) only when v\oo and p = or w -j" oo and p — 0,1. And HP{k{v)w equals to 
M (resp. 0) if p = 0, 1 (resp. p > 1). One can easily deduce the following, 



Proposition 3.8 (^SJ Thm. 6.3). Let Y = Spec Of, then 
HP{Yw,Z): 



p = 0, 

(U.^z)/z p^i, 

[HP{Yw,Z) p>2, 
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I otherwise. 

3.2. The Weil-Etale Sites and the Artin-Verdier Etale Sites. All the mate- 
rial in this subsection can be found in [TT]. We will only give brief definitions and 
state the results. 

Proposition 3.9 (ibid., Prop 7.1). There exists a morphism of left exact sites 
C: {Et{Y)-J,t) ^iT^,y,Ji^) 

where Xy := H oraYiY^^'^ ] X) and Y^^ ~ Spec(fc(w)) (resp. — {%]v)) when v \ oo 
(resp. v\oo). 

Let K/F be a finite Galois extension. We denote by Et^/F the full sub-category 
of Et{Y) consisting of etale F-schemes X such that the action of Gf on the finite 
set Xy„ := iJom(Spec(F); A) factors through Gal(AYi^). This category is again 
endowed with the topology induced by the etale topology on Et{Y) via the inclusion 
functor Etii/F — ^ EtiY). These morphisms are compatible and induce a projective 

system {{Etj^/p, Jet))K- 

Proposition 3.10 (ibid., Prop. 7.7). The canonical morphism 

Yet -^]^{EtK/F,Jet) 

is an equivalence. 

Proposition 3.11 (ibid.. Prop. 7.5 & 7.8). a) C* : {Et{Y); Jet) {Ty^.y]Jis) 
is the inverse image of a morphism of topoi C : ^y/.y ^ Y if 

b) C induces a morphism of topoi (k,s '■ ■Sk/f,s ~^ {Et^/ Fi Jet) ■ Moreover, 
the diagram 

Sk'/F,S' {EtK,/p,Jet) 



^K/F.S^^{EtK/F,Jet) 

is commutative, for K' /K/F and 5 C 5'. 
Proposition 3.12 (ibid.. Prop. 4.69). For any closed point v eY, the diagram 



is a pull-hack of topoi. 
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Theorem 3.1 (ibid., Thm. 8.5 & Prop. 8.6). Let ^ = {FK,s;ft) be a compatible 
system of sheaves on the sites {Tk/ f.s)k,s ■ There exists a bounded below complex 
of abelian Y -sheaves and an isomorphism 

where the left-hand side is the Stale hypercohomology of the complex RJ^ . In par- 
ticular, one has a spectral sequence relating Lichtenbaum's Weil-etale cohomology 
to etale cohomology, 

HPiY,t,R''.^) =^ HP+'^iYw,,^), 
where R'^^ :— H''{R^). The complex R^ is well-defined up to quasi-isomorphism 
and functorial in ^ . Moreover, R'^^ is the sheaf associated to the presheaf 

V^^ : Yet — > Ab 

U ^m{Uw,^)- 

Remark. For the future use, we describe the construction of the complex RA. 

For each pair {K,S), we fix an injective resolution — > Fk,s ~^ S ^'^ ■Sk,S- 
and with morphism of complexes t*I^ g — >■ g,, for any transition map t. These 
complexes are compatible. Then one can show that (C,k,s,*Ik s)s form a direct 
systems of complexes. We set 

Then {Ix)k defines a compatible system of complexes of sheaves on the sites {Etx/F)K- 
Finally, the complex 

R.^:^\ui^^u},P^, 

where u : Y^t {Etx/F,Jet)- 

We are interested in the complex r-'^ Rr(FvFj and Morin proved the follow- 
ing. 

Theorem 3.2 (ibid., Thm 8.5 & 9.5). Suppose F is totally imaginary then the 
following hold 

a) RT{Yit,T^^RI') ^T^^RT(Yw,Z), 

b) Rr(Fet,i?2z) ^Homz({7i.,Q)[0]. 

Here is an immediate corollary of this theorem: 

Corollary 3.1. We have the following exact triangle 

Rr(Fe-t,Z) j^r(Fw,Z) ^ Homz([/F,Q)[-2] ^ . 

Proof By Prop. [XTl H^Uw,^) for all open etale U over Fet, so R^Z = by 
Theorem 1.2. Thus, we have an exact triangle 

Z[0] — > T^^RI — > R^Z[-2] — > . 

Applying Rr(y^t, — ) to the above exact triangle and by using the previous Theo- 
rem, we obtain the desired exact triangle. □ 

4. WeIL-ETALE cohomology WITH COMPACT SUPPORT 

In this whole section, we assume that is a totally imaginary number field, and 
Y = SpecOp-^s- 
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4.1. The Computation of the Cohomology with Compact Support. Let A 

be an abelian group with trivial W^i^-action and A tlic constant sheaf defined by it. 
Recall that (cf. Def. 13. 5p the Weil-etale cohomology groups with compact support 
H*{Yw, A) are defined by the cohomologies of the mapping cone 

RT^{Yw,A) =cone(^RT(Yw,A) ^ Rr(fc(w)vF, A)) [-1], 

ves 

which is equivalent to the exact triangle 

RTc{Yw,A) ^ RriYw,A) ^Rrik{v)w,A) 



ves 



We are interested in the complex RT c{Y\y , , and want to prove first the 
following. 

Theorem 4.1. There is an exact triangle 
(6) Rr,{Y,t,Z) ^T^^Rr,{Yw,Z)- 



^Hom(Us,Q)[-2] ^ . 
Before proving Theorem 14. 11 we show the following lemma. 

Lemma 4.1. For any constant sheaf A, the inclusion A[0] — )■ RA induces a mor- 
phism RTiY^t, A) — > RT{Ywt A), and the following diagram commutes 



RT{Y,t,A) 



RTiYw,A) 



■Rr{k{v),uA) 



■RTik{v)w,A), 



where the morphisms of the rows are the canonical ones and a* is induced by the 
canonical morphism of topos ay : i?vKfc(„) ^ ^G™ ) ■ 

Hence, taking the truncation functor t-^ on every terms gives rise to the follow- 
ing commutative diagram. 



T^^RTiY,t,A) 



Rr{Yw,A) 



RTikiv),t,A) 



Rr{k{v)w,A). 



Proof. Recall that by the knowledge of section 1, there exists a commutative dia- 
gram of topoi 




where : Bw^^^^ ^G™ > ■ Here we drop v in the indexes. 
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Clearly, the following diagram commutes. 

Rr(F,t, A) ^ Rr(F,t, i,i*A) = Rr(fc(v)et, A) 



Rr(yv^, A) = RV{Y^uRA) ^ RT{Y,uui*RA) 

To complete the proof, we need to show the morphism Rr(yvF, A) — > YiT{k{v)w , A) 
factors through RV(Xw,A) KV(J ^t,i*i* RA). 

Note that the morphism Rr(Fwj^) ~^ Rr(fc(w)vK,^) is induced by 

\\x^RT{Tk/f,s,A) — > \\^KT{TK/F,s,T'K,s,*iK^s^)- 
By Theorem 13.11 this is the same as the morphism of complexes of Fet-sheaves 
RA := \\^.u]iVm^C,K,s,*lK,s — ^ R' ^ Un^ u y lin^ (k. s.*'i-K.s.*JK,s, 

where g (resp. 5) is any fixed injective resolution of A (resp. gA) and 
note that ik.s,* is exact and preserves injectives. 

By applying the natural functor id i^i* to RA R'A, we get the following 
canonical commutative diagram 

RA ^ R'A 

PRA Pr'a 

ui*RA ^iJ*R'A. 

Note that 

R'A = lin^^ u|f liuj^ C,K,s,*iK,s,*JK,s 
= liuj^ u*^ lin^„ UK,*i*av^^,J'ii s 
= lin^^^ lir^^ u*j^UK,*i*av^*Jx^s 

= lin^^ lii^^ «*a^,* J^_5 (lin^^, lin^^ u1^uk,*Fk,s = hn^^, hi^^ -F/cs (c/. [IH] lemma 7.5)) 
— i^^Ray^A. 

Because applying with i* induces the adjoint isomorphism Hom{ii,P,itQ) — 
Hom{P, Q), and i*pR'A = id, by definition, so pwa — id and the result follows. □ 

Remark. Whenever there is a square commutative diagram of complexes in an 
abelian category A, then by taking mapping cones, one can complete it as a semi- 
commutative 3 by 3 diagram of complexes in which rows and columns are exact 
triangles in the derived category D{A). (c.f. [16] Exercise 10.2.6). 



Proof of Theorem \4-.l\ By |10j Prop. 6.5 and 6.6 



Z,Q,0 forg = 0, 1, and(j>2 (wfoo), 
Z,0 for q = i), and q > 1 (w|oo). 



Since Ra^,*^ has trivial cohomology in degree greater than 1, we have an exact 
triangle Z[0] — Ra^,Z i?^a„,*Z[— 1] — On the other hand, by Prop. 13. 7| 
H^{Uw,'^) — for all open etale subset U of Y^t, so R^Z = by Theorem 1.2. 
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And then we have an exact triangle Z[0] — > t-^RL — i?^Z[— 2] — >. Together 
with Lemma 14.11 and Theorem 13.21 there exists a morphism of exact triangles 



Rr(Fet,z) 



T^3Rr(rvK,z) 



■Rr(ye't,i?'z)[-2] 

137 



©„^^ Rr(fc(i;)et, Z) ^ ®^^Y Rr(/c(v)H', Z) ^ 0„^y ^T{k{v)it, i?ia,,,Z)hl] 

where the rows are exact triangles, and the vertical morphisms in the first 2 columns 
are the canonical ones. By the remark above, we get an exact triangle 



Rre(ret,z) 



where 

BTc{Yet,R^'L) cone (Rr(F,5f,i?2z)[-2] 



•Rre(r^t,i?2z)[-i] 



0„gsRr(fc(i;)et,i?ia„,,Z)[-l] 



Since Rr(yet,-R^Z) = Hom(O^,Q)[0] (Theorem EJ) and i?ia„,*Z = (resp.Q) 
when V is an infinite place (resp. a finite place), 

Rf;(ret,i?2z) ^cone(Hom(0^,Q)[-2] ^ Q[-l]). 

■u6S<oo 

By looking at the long exact sequence of cohomology, one can identify Rrc(yet, -R^Z) 
with Hom(Us,Q)[-l]. □ 



Theorem 4.2. Let Y — SpecO^^s, then 

'0 



^" ^Pic(y)^ xHom(Us,Z) p = 2 



Proof. By the definition of the cohomology with compact support, we have the 
following long exact sequence 



0- 



i/0(riv,z) 



A 



Pic^(y)^ 



■0- 



H^iYw.I^) 



Since A is the diagonal map, we see that H^{Yw ^Z) — and HliYw, Z) = Z'"^' /Z. 
And H^iYw.Ij) — fi^, trivially. Finally, the exact triangle in Theorem 14. II induces 
a long exact sequence of cohomology groups 



■H^iY^t^ 



■H^{Yw,^) 



Hom(Us 



H^iYet,^) 



Pic(y)^ 



Hom(Us,Q/Z) 



Since Hom(Us,Q) is torsion free, the injection on the left implies i?^(lV,Z)tor = 
Pic(y)'^. On the other hand, the long exact sequence in the beginning of the proof 
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shows rankz(i?2(lV,Z)) = #{v\v ^ F} = rankz(J7s), as Pic\Y)'^ = Pic(C'F)^ x 
Hom(0^, Z)([8] Prop. 6.4). As any free abelian subgroup of Hom(Us,Q) of rank 
#Us is isomorphic to Hom(Us,Z), Consequently, 

ij2(y^,Z) = Pic(r)^ X Hom(Us,Z). 

□ 

By a direct computation of the long exact sequence defining the cohomologies 
with compact support, we see that 

Proposition 4.1. 

[lis IK/IK p=l,2, 
1 otherwise. 

In the end of this section, we compare Rrc((Spec Of,So)w,^) and Rrc((Spec 0^,51)^,^) 
for future use, where Y Z) Si Z) Sq. 

Proposition 4.2. Let Y Z) Si D Sq D Koo cind ^ a compatible system of sheaves 
on the sites (Tj^^pg), then we have an exact triangle 

v£Si\So 

Proof. We first have the following commutative diagram of complexes in which the 
rows are exact triangles, 

Rr,(Spec Of,s, , ^) Rr(F, ^) e.esi ^T{k{v)w .il^) 



Rr,(Spec Of ,s„ , ^) Rr(y, ^) 0,^^^ RT{k{v)w,il-^) ■ 

This diagram can be completed by the following 3 by 3 commutative diagram of 
complexes, 
(7) 

Rr,(SpecOF,5i,^) ^Rr(y,^) ^©.esi ^T{k{v)wX'^) 



Rrc(SpecOF.So>=^) 



where all the rows and columns are exact triangles. Then the result follows from 
the first column. □ 

Corollary 4.1. Let A be 1, or on which Wp ids trivially, then there is an exact 
triangle 

T^"" RT, {{Spec Of^s,)w, A) ^ T^'^RT, {{Spec Of,So)w, A) ^ RT{k{v)w,A) 

veSi\So 
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Proof. This follows easily from the fact t^'^ RT{k{v)w, A) ^ when A = Z, M. □ 

Corollary 4.2. For A — 1,, the long exact sequence induced by the exact triangle 
in the above corollary splits into short exact sequences 

0^ [] H\k{v)w,Z)^K'^\{SpecOF,s,)w,Z)^K'^H{SpecOF,So)w,Z)^0, 

Si\So 

for all i > 0. 

Proof. It is suffice to prove the induced morphisms 7J^((Spec 0^^,5^)11/, Z) — > Usi\So {k{'")w ,'^) 
are zero maps for all i. As iJ*((Spec C'_f_S(,)vk, ^) is concentrated in degree 1,2 and 
3 and W{k{v)w j"^) is concentrated in degree and 1, we only need to consider 
the case i = 1. Since the 3rd row of diagram ([T]) comes from the splitting exact 
sequence of complexes 

0-> Rr(fc(?;)vv,Z) R.r(fc(w)vi/,Z) -> Rr(fc(w)w,Z) ^ 0. 
i;eSi\So veSi veSo 

It is then clear that the morphisms 

^ W-\k{v)w,I')^ W{k{v)w,^) 

veSo v£Si\So 

are zero maps for i > 0. Therefore, the morphism of long exact sequences induced 
by the morphism of the 2nd and the 3rd rows in diagram ([7]) looks like 

-©„65o^''(^Ww''^) ^-^HliiSpecOF,So)w,Z) ^H\Yw,m^ 0) 

h 

©.6SA50 H\k{v)^,Z) ©„esASo H\k{v)w,I^) 

As / is surjective and the diagram is commutative, h has to be the zero map. □ 

4.2. Verification of the Axioms of Weil-Etale Cohomology. As before, F is 
totally imaginary and Y = Spec Op^s- In this subsection, we verify that the axioms 
(a)-(d) stated in the introduction hold for the generalized Weil-etale cohomology 
theory. 

4.2.1. Axiom (a). We have seen that H'p{Yw,'Z) are finitely generated abelian 
groups for p — 0,1,2,3. Unfortunately, H'PiY^y,!?) is still of infinite rank, for 
oddp > 5 as iJP(lV,Z) = i?P(Spec0i.,Z). 

4.2.2. Axiom (b). We need to show that Hf iYw.'Z) ®z R - i?f'(iV,M). But, 
obviously, this is false for odd p > 5, as H^iYw ,'^) = then. But we can prove 
the following. 

Proposition 4.3. HP{Yw, Z) ®z M ~ HP{Yw, M) for p = 0, 1, 2, 3. 

Proof. By corollary 14.11 and taking tensor product over Z, we get a morphism 
between exact triangles 

RrA(Spec Of,s)w,^) ®z R ^ T<3 Rrc((Spcc Of)w,'^)<^z^ ^ ®veS\S^ KT{k{v)w, Z) (g)z R _ 

qis qis 

T^'i RF^aSpec Of,s)w,M.) ^ t<3 Rrc({Spec Of)w,K) ^©i.gS\S^ Rr(fc(t))iv,R) 
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Clearly, for v ] oo, H*{k{v)w ,'^) <8)z M ~ H*{k{v)w,^), so the right vertical 
map is a quasi-isomorphism. Also, the middle one is a quasi-isomorphism ([8] 
Thm. 8.1). Thus, by the property of exact triangles, the left vertical morphism is 
also a quasi-isomorphism. □ 

4.2.3. Axiom (d). Recall that the L-function C,y{z) for Y is the same as the S'-zeta 
function C,s{s) := ^^^^q^ ^ N{a)~^ . The analytic class number formula shows its 
Taylor expansion at 2; = is 

C5(.) = -^.'^'-^ + o(.i^i), 

w 

where hs — #Picy, Rs the S'-regulator, and w = 4ffJ.F- 

As HP{Y,Z) does not vanish for all even p > 4, we are unable to show that 
ords=oCYis) = X]z>o(~-'^)*"^'^^^ -^c(^j However, by the computation in pre- 
vious section, we see that 

3 

^(-iyirankzi/^(X,Z) = - 1) + 2{\S\ - 1) 

i=0 

= \S\-1 

4.2.4. Axiom (c) and (e). Recall that the Euler character is defined as the following 

Definition 4.1. Let Aq, . . . , An be finitely generated abelian groups, Vi := Ai (8)^1^; 

and Ti : Vi ^ V^+i a^'e R-linear maps s.t. 

O^Va^Vi^ >Vn^O 

is exact. We define the Euler characteristic Xc{Ao, • • • , An, Tq, ■ ■ ■ , T„) to be 

±Y[\iA,)tor\'^-'^'/^tt{Vo, . . . , K; bo, • • • , bn), 

i 

where bi — {bij)j is an arbitrary choice of -basis of Ai/ {Ai)tor for all i and 

^tt{Vo,...,Vn;bo,--- ,bn) 
is the image of ®i{/\jb\^ ) under the canonical map 

and b^j^ is the dual of bij in Hom(l/i,IR). 

Recall thatfor any R-vector space V, DetV^ := /\i'ank{v)y ^ ^^^-i y HomR(£>etF,E) 

Clearly, the Euler characteristic is independent to the choice of basis. 

Example 4.1. Suppose ^ Aq ^ Ai ^ ■ ■ ■ ^ An is an exact sequence of 
finitely generated abelian groups. R induces an exact sequence of R-vector spaces 
— >■ j4o ®z R ^ Ai ®i M —!■••• ^ An ®z K — >■ 0. The determinant of this complex 
equals to ^i\{Ai)tor\^^^^ ■ Therefore, the Euler characteristic of this complex is ±1. 

Example 4.2. Let {vlij}i=o,..,m;j=o,..,n be a set of finitely generated non-trivial 
abelian groups and Bi j := Aij ®i R. Suppose that there exist exact sequences 

-J> A,,o A,^i > A,^n ^0, V j = 0, • • • , m. 
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And suppose there exist R-linear maps Ti,j : Bi,j — > -Bi+i.j for all i ~ 0, . . . ,m — 1 
and j = 0, . . . ,n, such that the following diagram commutes and all rows and 
columns are exact. 











_Bo,o ^ Bq i 



Bifi 5- Bi^i 







Bl,n ^ 



B 



m.O 



T„._i,i 
Bm.l 



Brfi n 





Then IV,Xc{{Ak^^)k. (Tfe,,)fe) = ±1. 

This can be proved by showing the diagram 

i+i 



2)et( ' B,j) ^ (8)j-(®^Det^-^^' ' Sy) 



is commutative and all arrows are the canonical isomorphisms. (cf.^). 

Let ^ = {{Fl.s)', (ft)) be a compatible system of abelian sheaves on the sites 
{Tl/f,s)- And observe that HP{Tl/p^s, Fl/f,s) = Ext^ {R,Fl/f,s) for any 

sheaf of M-modules F, so Hp(Yw,-^) = ImExt^- (]R,Fl,s)- This ahow us to 

' Tl/f,s 

define a cup product 

Consider the compatible system {{iv,*ilFL,s)', i'iv,*ilft)), and take mapping cone, 
we can actually define a cup product 

HP{Yw,^) X H''{Yw,m ^ HP+^iYw,^). 

The Leray spectral sequence for Jk/f.s yields 

-> i/i(FH/,M) ^ i/^(VKF,M) ^ H^(Jw,R^iM) = (see [8 ). 

Since H'^{Wf,^) = Homco„t (T^f , K) = Homco„t(M, M)([8] Lemma 3.4) , we may 
choose an element ip of H^{Yw,^) which corresponds to the composition 

Wp ^ Cf ^ M. 
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Note that tp corresponds to the identity map in HoiacontiJ 
the sequence {Hl{Y, ^ ip): 



and ip ^ ip = 0, so 



• • • ^ KiYw,^) ^ Hl+\Yw,:^) ^ • • • 

is a complex. 

In the following, we will prove that {HI{Ywi^)t^ ^) is exact. Together with 
the isomorphisms Hl(Yw,R) = HKYwjZ) (S>i.R for « < 3, the Euler characteristic 
Xc{{H^{Yw,'^))q<3, V')) is well-defined and called the Euler characteristic Xc{Y) 
for Y. 

It was already known that XciSpecOp) ~ Rh/w.{^, Thm. 8.1). 

Proposition 4.4. (a) The complex {Hl{Yw i^) exact. 

(b) Moreover, its Euler character equals zfc ^^^^ , where Rs is the S -regulator. 

Proof. (a) Recall that Hl{Yw^'^) ^ only for z = 1,2. So we only need to 
show 

Hl{YwM ^ Hl{Yw.^) 
is an isomorphism. For this, consider the morphism between two exact 
sequences 



(8) 



HliYw,l 



Us\S^H^iHv)w,R) 2 (y^ ^ I 



■i7i((Spec Of)w,R) 
■i72((Spec Of)wM) 



0, 



in which the rows are obtained by tensoring with M over Z the exact se- 
quences derived in corollary 14.21 Recall that the right vertical map is an 
isomorphism ([8]Thm. 8.1). We are now showing the left vertical map is 
also an isomorphism. Note that iy is an embedding and preserves injectives, 
so that we have the following commutative diagram 



ffO(fc(w)vF,l 



H^Y,] 



For any finite place in S, the diagram ^ ensures that the image of ip in 
H^{k{v)w,^) = Hom{Wk(v)j^) is 1^ ■ cr i-^ logiV(w), where a is the genera- 
tor of Wk(v) ■ Let is the identity element in H'^{k{v)w,^) = K- Then 1^ ^ 
ip = ly ^ ly — ly. So, cup product with ip identifies Ugyg H^{k{v)\Y,^) 
and Usys H^{k{v)wt^)- Therefore, the middle vertical map of diagram 
(|5]) is also an isomorphism, 
(b) The rows of ([5]) are induced by tensoring with M the exact sequences 



0^ ]]_ H\k{v)w,^) ^ K'^\Yw,I') ^ Hl+\{SpecOF)w,^) ^ 0, i = 0, 1. 
Xo ■.^Xc(iO,H°{k{y)w,I'),H\k{v)w,I'))A- ^)] 



Let 
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HP{Yw,Z) - 



Applying Example 14.21 to (jH]), we see that 

XciY) = ±XciSpecOF)xo- 
Because H^{k{v)w ,'^) is torsion free, and we has seen in (a) that ^ tp sends 
U to k' -.a ^ logN{v), so xo = ±ns<^ log A^(u). Thus, 

w w 
(c.f. [2] Lemma 2.1 for the last equality). 

□ 

4.3. A Canonical Representation of Tate Sequences. As before Y — Spec Of.s 
and G = G&\[F/L) for a subfield L of F. RecaU that 

'0 p = 0, 

Hom(Us,Z) ® Pic(y)^ p==2, 

.mI^ P = 3. 

Proposition 4.5. The cohomologies o/ RHomz(T-'^ Rrc(lV, 2)j 2)[^2] concen- 
trate at degrees and 1 and H° = Us, H''- = Xs ® Pic(y). 

Proof. Consider the spectral sequence 

= Ext|(iJ-«(C"),Z) iJ''+'(RHom(C*,Z)), 

in which C* = T^^ RTciYw, Z)- 

It is clear that i^f^ = for all p < or g > 0, i.e. the E2 has only non-trivial 
terms on the 4th quadrant 



Xs = 

Us/tor = U^'' Exti((Picr)^,Z) 

Ext\fi^,Z) 

We have exact sequences 

-> FicF iJ-^ Xs -> and ^ fip -i' H^^ Us /tor 0. 

Thus, iJ-i = Xs ® Pic(y) and R-^ = {Us /tor) ® ^ip = Us- This shows that 
RHom(r=^3 j^rc(rH/,Z),Z)[-2] has only two non-trivial cohomologies H'^ — Us 
and = Xs® Pic Y. □ 

From now on we assume that S is large enough so that Pic Y = and is stable 
under the action of G. We will prove 

RHom(r^3 ^Y^Yw, Z), Z)[-2] is indeed quasi- 
isomorphic to 4*5, the canonical Tate sequence, (see the introduction section). 

Lemma 4.2. Let A and B eT>, the derived category of 'L[G\-modules. 

a) If H^{B) are 'Z,[G]-injective for all i, then 

llomv{A,B) ^Y[llomG{H\A),H'{B)). 

i 

b) If H^{A) are 'L[G]-cohomologically trivial, then we have an exact sequence 
'^'^\{^^^G{H\A),H'-^{B))'^Y{omv{A,B)^WnoxnG{H\A),H\B))~^{). 
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Proof. a) By [15], there is a spectral sequence 

l[ExtP,{H\A),H'^+\B)) ^ i/P+'(RHomz[G](AB)). 

i 

By condition, Ext^ {H"- (A) , H'i+^ (B)) is non-trivial only if p = 0, so the 
above spectral sequence simply shows 

RomviAB) - F°(RHomz[G](A^)) - l[noinGiH%A), H\B)). 

i 

b) In the same spectral sequence, since W{A) are cohomologically trivial, 
W{A) are of projective dimension 1, so Extg.(i?*(^), = for 

all p > 2. Therefore, on the position with p + q — 0, we have only 2 non- 
trivial groups £2'^ and E^'^^ ^ and both the difference maps are 0. This 
gives the desired short exact sequence. 

□ 

Lemma 4.3. The canonical exact triangle 

RHomz(Rr,(yet,Z),Z) ^ RHomz(Rre(ret, Z), Q) ^ RHomz(Rr,(yet, Z), Q/Z) ^ 
is isomorphic to the exact triangle 

2 ^ — ' 

where ^'g is the image of ^it- ^'^^oi-^SiUs) and the image of in- 

Proof. Suppose ^"5 is the complex A ~> B and ^'s is the complex A ^ B ^ 
Xs <8)z Q- Recall that presents a class of ExtQ{Xs: Us) and 5''^ the image of 
under the map ExtQ{Xs,\Js) — > Extg(X5, Indeed , is the complex 
{A® Us) /Us =■ A! B. Similarly, 5'^ is the complex A ^ B ^ Xs®zQ- RecaU 
that RHom(Rrc(Fet,Z),Q/Z) -5^*'^ by definition ([3] Prop. 3.1). Also, as Q is 
injective, i?*(RHomz(Rr,(yet,Z),Q)) = Homz(iJ-'(yet,Z),Q). Thus, 

RHomz(Rr,(yet,Z),Q) ®z Q[i]. 

We claim that the following diagram commutes for a suitable choice of the left 
vertical quasi-isomorphism. 

(9) RHomz(Rr,(ret,Z),Q)[-3] ^ RHomz(Rr,(yet,Z),Q/Z)[-3] 



Xs ®zQ[-2] ^^3. 

Since the both horizontal maps induce the canonical projection Xs ®z Q — Xs ®i 
Q/Z on , the right vertical quasi-isomorphism induces the identity map on 
and the left vertical one can be induced by any G-automorphism of Xs ®i Q, 
so there is a suitable choice of the quasi-isomorphism so that the above diagram 
commutes for groups. 

Let A be Xs 0zQ[-2] and B be RHomz(Rre(Fet,Z),Q/Z)[-3]. Clearly, i?'(^) 
are Z[G'] -cohomologically trivial. So we can apply lemma H^ b*) to A and B, and 
it induces an exact sequence 

= Exi\.{Xs®w.q,H\B){= 0)) Homi,(AB) ELou^g{H^{A),H^{B)) ^ 0. 
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Thus, }lomviA,B) = Roma [H'^ (A), H'^{B)). Therefore, the commutative on iJ^ 
imphes the diagram ([9]) indeed commutes. By taking exact triangles of each row, 
and note that cone(X5 (g)z Q[— 2] — > 5* s)[^l] — ^s[2]i we get the desired isomor- 
phism of exact triangles. □ 

Theorem 4.3. Let Y = SpecOp.s , where S is large enough so that Picy = and 
is stable under the action of G. Then 

RHomz(T^'Rr,(yH/,Z),Z)[-2]^*s, 
where ^'s is the Tate sequence representing the canonical class ofI^xtQ{Xs,Us)- 

Proof. Here, we use the same notation with previous lemma. Clearly, we have a 
canonical exact triangle 

^3^%^ Us/Us[0] ^ . 

On the other hand, by applying RHomz(— , to exact triangle we have another 
exact triangle 

RHomz(r^3 j^r,(yw,Z),Z)[-2] ^ RHomz(Rr,(r,t, Z), Z)[-2] ^ RHomz(Homz((7s,Q),Z)[-l] 

The previous lemma ensures that %^ RHomz (RTc (Fet , Z) , Z) [- 2] . 

Also, observe that RHomz(Homz(C/s, Q), Z)[-l] -^-^ C/s/t/s[0] and we have seen 
that RHomz(T^3 j^p^(y^ 2),Z)[-2] has the same cohomologies as Vt/g. We claim 
that there is an isomorphism between these two exact triangles, 

RHomz(T^3 j^re(yw,Z),Z)[-2] ^ RHomz (Homz(f7s, Q), Z)[-l] ^ 



A 



A 



^ ^-'s Us/Us[0] 

In the top exact triangle, we replaced RHomz(Rrc(yet, Z), Z)[— 2] by 5*^. By taking 
the long exact sequence induced by the top exact triangle, we see that H'^{(3) — iop 
where p : Us ^ Us/Us is the canonical projection and i £ Aut{Us/Us)- Clearly, 
H'^(^) = p. As RHomz(Homz(C/s,Q),Z)[-l] -5^C/s/C/s[0], we may take a to be 
the morphism induced by i. Then the right square commutes on . By lemma[521 
because Us /Us is uniquely divisible and thus injective, = H'^{ct) ° H^il) 

implies (3 — a o j. As a is a quasi-isomorphism, so is S by property of derived 
categories. □ 

Remark. It is equivalent to say that r-^ Rrc(Yi^, Z) RHom(\I/s, Z)[— 2] and 
this is an evidence that, at least for open subschemes of spectra of number rings, 
the Weil-etale cohomology can be obtained from usual cohomology theories without 
using the Weil groups. 



5. The Construction of RGm 

Throughout this section, we assume that is a totally imaginary number field, 
X = Spec Of, U = SpecO^^s be any connected etale neighborhood of X. We 
also assume that X is a subfield of L such that the extension L/K is Galois and 
G := Gal{L/K). 
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When Pic{U) = and 5 is a G-stable set containing all those ramified primes, 
there exists a canonical Tate sequence: 

which represents a canonical class of Extg(X5, Us)- By the construction of Tate 
sequences, if U' — Spec Ol'_s' is etale over J7, then there is a morphism from ^5 
to \l/s' that fits into the following morphism of complexes 

^ Us ^ ^% ^ ^ Xs ^ 

P 

^ Us ^ ^ ^ Xs' ^ 0, 

where ^((a„)„gs) = ((a„ := [L„ : F^] ■ av)ni\v.w^S') ■ 

In fact {Xs} and {/?} define an Xet-presheaf ^ , and we denote its associated 
sheaf by In section [5.11 we construct a complex RG-^-i G Sh{X^t) which repre- 
sents the canonical class of Ext^ ^(^,Gm) = Z (see below). The cohomologies of 
Rr(J7^t, i?Gm) and RHom^ {t~^ 'RTc{Uw^'^)^ 2) [^2] are the same for arbitrary U . 
Furthermore, in section 4.2, we prove that 

(10) Rr(C/^t, R Gm) ^ RHom (r-^ KTriUw, Z), Z) [-2], 

in £'(Z[G]), when S is stable under the action of G. 

This implies Rr(;7^t, i?Gm) and RHomz (r^^ j|rc(;7w, Z), Z)[-2] are canoni- 
cally quasi-isomorphic in D(Z) for any U . Also, when U is small enough so that 
the Tate sequence exists, then by (fTO)) and by the help of Theorem l4.3[ one can see 
that 

m:{u,uRG^.)^^u 

in £'(Z[G]). 

Thus, one can conclude that the complex Rr(C/e(, i? Gm) generalizes the Tate 
sequences and its Z-dual defines Weil-etale cohomology of S'-integers without trun- 
cations. 

5.1. The Definition. Let ^ be the sheaf sending a connected etale U ^ X to 
the group ^^^jjAw, where is Q (resp. Z) if w -j" 00 (resp. w \ 00), and the 
transition map ./£ (U) — ^ ^(V) for an X-morphism V U is 

veu 

a 

It is clear that the projections Q^^ijAv -+> ®y^u A^, for any etale U ^ X, 
define an epimorphism of sheaves ^ — ?• ®y^xiv,*Av. 
We define ^* to be the complex 



^0 ^^1 
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where — ker{^ — > ®y^x'''v,*^v) is the X-etale sheaf 

U I— > ^Wl 

weTf-u 

for any connected U ^ X and = Y.w [k(uJ~f:]"'^- 

Note that if U doesn't contain all the finite places of F, then '^{U) is sm-jcctive. 
This implies ^ is an epiniorphisni in the category Sh(Xet) as any f/ — > X can be 
covered by some {Ui}, where Ui doesn't contain all the finite places of K{Ui), for 
all i. Consequently, ^* ~ (ker^)[0] in D{Sh{Xit))- 

Remark. (a) The way that we define the transition maps of the sheaf 

makes a suh-presheaf o/ker^. In fact, we have the following exact 

sequence of presheaves 

^- ^ ^- ker ^ ^ iJr 0, 

where Br is the presheaf U > H'^{U, Gm)- By taking associated sheaves, we 
see that ^ = ker^ as °'{H^{—,^j) = for any sheaf 'i^ when i> 1. 
(b) Let My = lir^^ M^^^ where L runs over all finite extension of F and 
ML^y = 0^ Ay, where the sum runs over all places w of L lying over 
V and the transition map is defined similarly to those of ^ . We denote 
My the sheaf associated to the Galois module My. Equivalently, in the 
level of sheaves, ~ lin^^ TrL.*Ay where ttl ■ Spec L" — > Spcc_F is the 
canonical morphism and is the fixed field of Dy D Gal(L/i^). Clearly, 
M = ^y^a^My, where a : SpecF — > X. Moreover, consider the Carte- 
sian diagram of schemes 

SpecL^-^u(L") 



SpecF^^^X, 



where u{L^) = Spec Ol" ■ Hence a* lin^^ T^L,*Ay = lin^^ a^'iTL,*Ay = lin^^ tt^ „az,,*^„ 
lin^^ TT f ^Ay. (Note that aL,^,Ay is the constant Ay on Spec{L^).) 

Lemma 5.1. The sheaf is cohomologically trivial. 
Proof. Since fits into the short exact sequence 

(11) a^My iy^^Ay ^> 0, 

which is derived from the short exact sequence of sections: 

0^ Ay^^Ay^^Ay^Q. 

veu-u veu 

Since there is no real place and Ay = Q when t; { oo, the cohomology of iy^*Ay 
concentrates at degree zero. Also, the above exact sequence remains exact when we 
pass to global sections. Thus, we only need to show that a^^J^y is cohomologically 
trivial for any v. 
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Recall that ol^^,-u = lin^ tt^ ^Ay. When v is finite, a^AIy is acyclic as Ai, = Q 
and inductive limit and tt^ ^ both preserve acyclic sheaves (as tt^ is finite). 

When v\oo, ly is trivial, so My — Indf'^Ay and then My is cohomologically 
trivial. Therefore i*^{ma^My) m{Iy,,My) for g > 0. The Leray spectral 
sequence for a, 

HPiUit^R'a.My) ^ HP+%F,My), 

for any etale U over X, is degenerated, i.e. HP{Uet,ct^My) = HP{F,AIy) = for 
p > 0. Thus the result follows. □ 

Proposition 5.1. For any connected etale U ^ X , 

( kcrS(J7) p = 0, 

H^iUit,-^') = { cokcrS(J7) =Q//m(S([/)) p = 1, 
i p>2. 

In particular, H°(Xet,-^') = 0. H^{X^t,^') = Q, H°{(X - v)et, .^•) = and 



Corollary 5.1. The canonical morphism Hl{XetT^*) ~^ H^{Xet,-^') is an in- 
clusion of Ay into Q. 

Now we define a complex RGnn up to quasi-isomorphism, of Sh{Xet) by an 
exact triangle 

or equivalently an exact triangle 

One can choose carefully a morphism 7 e Hom^^^^^^,^^^(^*[— 1], Gni[l]) = Ext^^(^*, 
so that R Gm has the cohomologies that we expected. Before computing the group 
Ext^ (^',Gm), we need to derive the following lemmas. 

Lemma 5.2. Let I be an inductive system of index that can be refined by an 
index which is isomorphic to Z, then the canonical morphism Ext^(lin^ Ai, B) — > 
l^m Ext^(Ai, B) is an isomorphism if any of the following conditions holds 

(a) the projective system {Ext^^^(yli, _B)} satisfies the Mittag-Leffler condition, 

(b) Ext^^^(Ai, B) is a finite group for all i. 

Proof. Because / can be refined by Z, so lin^^ Ai = lin^i^ Ai and ^im^ Ext^(Ai, B) = 
l^m^ Ext^ (Aj ,B). Thus, we only need to consider the case that / = Z. When 
/ = Z, by fT^, there is a spectral sequence 

Exf^{A„B) => Ext^+'(lii^^ A„B). 

This spectral sequence is certainly degenerated as we know that ^m '^ is vanishing 
for any inductive system of abelian groups when r > 2 (cf. [16j 3.5). Therefore, we 
get exact sequences 

1^^ Ext^-^(A,, B) ^ Ext^(lmj A„B) ^ Ext^(Aj, B) ^ 0, 
for all s > 0. 

The Mittag-Leffler condition implies ^m^ Ext^~^(Ai, B) = and condition (b) 
also implies the vanishing of ^iin^ Ext^~^{Ai, B) by [S] 2.3. Thus, the isomorphism 
is established under both conditions. □ 
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Lemma 5.3. (a) 

where Y[[j Qq — Aq/M is the restricted product of the Qp 's with respect to 
the Zp 's. 

(b) 

r _ p = 2, 

Ext| (a,^,,G„0 = <^ H^Xet,G_^) = Q/Z p = 3andv\ 

[ \^^H^{X,G,r,) = ^^z^ P = 3andv]oo. 

Proof. (a) Since Q = lin^ Z and H''{Xet, Gm) are finite groups for « = 1, 2, we 
have 

Ext^ (Q,G^)=lini HP{X,t,Gn,). 

As H'^CXet, Gm) = 0, one sees that Ext|r (Q, Gm) = 0. Also, lim H^(Xet,<Gm) = 
1^1 Q/Z = Hom(Q, Q/Z) = Z 0^ Q. 
(b) As = Ui^^ n'^^^Ay, 

Ext^^^^ Gm) = Ext^^^ (Hn^^ t^'l,*'^v, G^)- 

When V is an infinite place, Ay = Z, and by the norm theoreni(c.f. [9] 
III.3.9 and [2] Lemma 3.8), 

Ext^^^K,,Z,G„,) = 77f(u(L")et,G„,), 

for all p. Note that F is totally imaginary and u{L'") contains all the finite 
places of L", so H\u{L'')et,Gn,) = Pic{u{L'')), H^{u{L'')et,<Gn,) = 0, and 
H^uiL-)et,Gm) = Q/Z. Since ^(^(L''),*, G,„) and ^2(^(2,-) G„,) are 
both finite groups, by Lemma 15.21 we actually get 

Ext^^^(a,^„G,n) = \^^HP{u{L-U,G^) 

for p = 2,3. Clearly, Ext|. (a,^„,Gm) = H^{u(L'')et,G,m) = 0. More- 
over, for any finite extension K over L, the transition map H^{u{K^)^t, Gm) 
H^{u{L'")^t,'Gm) is an isomorphism ([2] Prop. 3. 2). So, we conclude that 
Ext|_^^(a*^„,Gin) = i/3(Xet,G„i) = Q/Z. 

For the case t; is a finite place of F, there is a slightly different, as now 
= Q = Ihi^ and so a^My = Ih^^ t^'l *Z. We claim that 

ExC (liis, ^^,Z,G,n) = lim^ HP{u{r),t,Gn,), 

for p = 2,3. Indeed, because Ext^(^^)_j^ (tt^ „Z, Gm) = i/^(u(i^)et, Gm) = 
Pic{u{L'")) is a finite groups, and Ext^(^„-)^^ (tt^ ^Z, Gm) = i/2(u(L^)et, Gm) = 
0, by Lemma l?^ one gets Ext^ (a*^t,, Gm) = HP{u{L^')^^,G^) for 

p = 2, 3. Again, by Lemma lOl one get Ext^ {My, Gm) = Ext^^^„^ (Z, Gm) 

for p = 2, 3. Hence 



Ext^_^^(Af„,Gm) - { Hm H^(X,t,G^) P ^ 3. 



□ 
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Proposition 5.2. 

Proof. Let :— ker{a^,.y^y iy ^fA^). Then it arises a long exact sequence 

Ext|^^KM,,G,„) ^ Ext^^^(^^°,G„,) ^ Ext^^^(i„,,A,,G,„) ^ ExtJ G„,) ^ 

Since Ext^ (a*^t,,Gin) = by the previous lemma, and it is easy to see that 
Ext^ (iy^^,Ay,G^) — 0, we have the following exact sequence, 

^ Ext|_^,^(^^^Gm) ^ Ext^_^^(i„,,A,,Gm) ^ Ext^_^,^(a*^^,,Gm) Ext^^^(^°,Gm) ^ 0. 
By the adjunction of i„ and i[, and Lemma 15.21 (as Hy{Xet, Gm) = 0), 



Ext^^^^(ii,,*^i,,Gni) 



Therefore, Exty ,^ G^) = and Ext^,^ (^^", G^) = Ext^,^ (a*^„, G^) = 
Q/Z when wjoo. 

We claim that the morphism Ext^ (j„^,v4i,, Gm) Ext^ (a*M^, Gm) is an 
isomorphism when v \ oo. For this, observe that there is a commutative diagram of 
sheaves 



a^J^v = linj^ t^'l,*^v ^ iv,*Ay 



Ay — TTp ^Ay 



where Ay iy ^^Ay is the canonical morphism induced by adjunction of i* and iy^^,. 
Applying Ext'^(— , Gm) to the above diagram, we get another commutative diagram 



Ext^(a*.'#„, Gm) 




hm H^{X,t,Gn.) 



lim HHX 

i n 

All the groups in the above diagram are isomorphic to Z *Q — Tig 'Q' 
the h is an isomorphism as the natural morphism i?^(Xet, G,n) — s- H^{Xet; 
an isomorphism. Therefore, i is an injection from J^^ to itself. Since Hom; 
is p 7^ g and are fields, one sees that i has to be an isomorphism. It 
that Ext|^,^(=^°,Gm) and Ext§^,^ G^) are vanishing. 

Consequently, Ext^, (^°,Gm) = and 



,. Note 
Gm) is 

;(Qp,Qg) 

follows 



Ext|^^ (J^o, Gm) = Ext|^^(^o 



0Q/Z 



v£X 



□ 
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Proposition 5.3. There is a canonical isomorphism 

Proof. The exact sequence 

— yker^ — > ^° — >Q — > 0, 
induces a long exact sequence 

Ext|^^(^°,G„,)(= 0) ^ Eict^JkerJ^^G^) ^ Ext|^^ (Q, G„,) ^^H^(Xet,Gm) ^, 

v\oo 

where A is a copies of the canonical map tt : Hom(Q,Q/Z) — >■ Hom(Z, Q/Z). 

Clearly, ker A = ker tt = Homz(Q/Z, Q/Z) = Z. As a consequence Ext^^^ {ker Gm) = 
kerA = ker{n) = Z. 

□ 

Let 7 be the class in Ext^ i'-^' , Gm) that corresponds to the generator 1 of Z, 
and i?Gm is the complex decided by the exact triangle 

To compute the etale cohomology of the complex -RGm, we need to determine the 
coboundary morphisms dlj : W{U^t,'^*) H^~^'^{U^t,^m), for any connected 

etale U ^ X. 

Lemma 5.4. For any connected etale U X, let S := U — U , we have 

(a) dij is the canonical projection 

ves ves 

(b) dlj is an isomorphism if S is non-empty, and it is the canonical projection 

Q ^ Q/Z otherwise. 

(c) dlj is isomorphic for all i > 2. 

In particular, all the 9* are surjective for all i > 0. 

Proof. We first deal with the second part of (b). Consider the following commuta- 
tive diagram 

H\Xa,kerY^ X Ext|^^ (fcer E, Gm) ^-^ iJ3(Xet, G„,) 



H°{X,t,q) X Ext|^^(Q,G^) - > H^{X,t,G^) 



lh^H°{Xit,^Z) X ^Ext|^^(iZ,G^)^^i/3(j^,^^(g^) 

It is easy to see that the bottom cup product sends pair (a, 1) to (a mod Z) and 
thus a^j = a^l = a mod Z. This shows : H'^ (X^t, ^ , G^) is 
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the canonical projection Q — )■ Q/Z. The general case that U = U follows from the 
commutative diagram 



{Uet — ^ {Uet , (Cm) . 



For a Zariski open subset j :U ^ X, set i : X — U ^ X, we have the following 
commutative diagram 



^H"{U,t,^') 

^H^{Uet,G^) 



where the rows are exact sequences induced by the short exact sequence 



— > j]j*F — >F — > iJ*F — > 0, for any F G Sh{X). 



The morphism H^{U^t,ker^) — ^ _ff^(C/et, <Gm) is completely determined by 
H^{Xet, fcer ^) — ^ _ff"^(Xet, Gm) because S restricts to an inclusion on H^{Xet, ■^') = 
Ay. (This can be seen by put U to be X ~v and use the fact H'''({X — vjn, kerY^) = 
0). Therefore, by the commutativity, — 7 : H^{Ust,'^') H^{U^t,'Gm) maps 
(0^£[7_c/ Ay)^^^ to {®y^jj_ir Ay/Z)^^^ by taking modular by Z componentwise. 

For general i : U — ;> X, set t/" to be the largest open subschcme of U such that 
for any v ^U"", all the valuations of K(U) above i(v) is contained in [/". We have 
the commutative diagram 
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More precisely, 



/ \ 5^=0 / 



' w(^U-U 



s=o 



s=o 



^ © Ail,/ 



z 



( * 



A, 



vex-iiu-^) 



( _© AJZ 



S=0 



Note that the cup products are canonical on v and w, and we have seen above that 
the bottom cup product is canonical projection. By chasing diagram, one sees that 
the middle one is also canonical projection, and so is the top one as the injection 
is canonical. It follows that is the canonical projection. 

To see the first part of part (b), we assume S is non-empty. When U f <^ U, 
H^iUet,<Gn,) = and H^{Uet,^') = (Prop. EI]). Therefore, we have 9^ = 0. 
For the case UfCU, note that U is then etale over X as all the infinite places are 
complex. Therefore, we have the following commutation diagram 



■H\Uit,^')=Q/I^ 



As we have seen, in the very beginning of the proof, that 9i- and tt are the canonical 
projections, 9^ has to be the identity map on Q/Z by the commutative. 

Part (c) is trivial because W{Uit,-^') = H'+'^^U^t, Gm) = for all i>2. □ 

Now, we are ready to compute the etale cohomology of the complex i?G,n. 

Proposition 5.4. Let U be etale over X, S — U — U and L = K{U), then 



o 



0, 



L,S P 

FiciOL.s)®Xs p=l, 

p = 2, 

Z {resp. 0) p — 3 and S 

p > 4. 



{resp. S ^ 0), 



Hence, these cohomologies coincide with those of the Z-dual o/ r-"^ Rrc(C/n/, Z)[2] 
(c.f. Prop. U^. 



Proof. Consider the usual long exact sequence on cohomology induced by the exact 
triangle RGm ~^ Gm[l] — > and use the result that 9' are surjective 

(Lemma l5.4p . we get 

i?°(!7e-t,G,n) ^i/°(C/et,i?GnO, 

^ H\Uet, G,r-n) ^ H\Uet,RG,m) ^ keT{d°) ^ is exact. 
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Thus, H°{U^t,RG,,r,) = Ol g. Because ker^'' = {®ves'^)^^° = Xg is Z-free, 
the middle exact sequence spHts and so H^{Ust, R'Gm) — Pic{OL.s) ® Xs- Also, 
H^{U^t,RG,m) = (resp. Z) when S ^9 (resp. = 0) and H^U^t-.RGn^) = for 
all i > 4, by Lemma WM (b) and (c). □ 

The computations of Prop |5.4 l and 14.51 suggest that 



Theorem 5.1. Rr([/et,i?(! 



qis 



RHom(T=^3j^rc(C/iv,Z),Z)[-2] in D{Z). 



In the next section, we shall prove the following more general quasi-isomorphism 
Rr(C/<5t,i?G,n) -^RHom (t^3 Rr^([/^y^ Z), Z) [-2], 

in D{Z[G]), when S is stable under the action of G. Note that when G is the trivial 
group, this is just Theorem 15. II 



5.2. The DuaUty Theorem. Throughout this section, we assume that F is a 
totally imaginary number field, X = SpecOi?, U = SpecOi^s be any connected 
etale neighborhood of X. We also assume that if is a subfield of L such that the 
extension L/K is Galois and G := Ga\{L/K). We require that S contains all the 
archimedean places and is stable under the action of G. 

Recall that ^*{U) ~ kerJ2{U)[0] in D(Z[G]). To simpUfy the notation, in the 
following, we denote by ^'{U) the complex ker^(J7)[0]. 

Theorem 5.2. LetU = SpecOL,s and A ~> B represent RHom(r^3 j^rc(C/vK, Z), Z)[-2] 
in ExtQ(Xs ® Pic(J7), Us)- Then Rr(f7et,Gin) can be represented by 

Moreover, there is an exact triangle in £'(Z[G]), 

(12) .^'{U)[-2] ^Rr(C/^t,Gm) ^ RHom(T=^3Rrc(t/vi/,Z),Z)[-2] ^ . 
This exact triangle is the same as the exact sequence of complexes 

^'{U)[~2] -^{A^B^ '^'{U)) -^{A^B)^0. 

Proof. 



RHom(r Rr, (JJvf , Z) , Z) [-2] 



Rr(C/,t,G„,) 
A 



^•(C/)[-2] 



RHom(Rrc([/^t,Z),Z)[-2] 



■Rre(;7,t,z)^[-3] 



■Xs^^Q[-2] 



(^RHom(Rr,(t/e-t,Z),Q)[-3] 



/o[0]e/2[-2] 



/2[-2] 
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where Iq ~ Us/Us and h ~ Q/^ arc both Z[G]-mjective modules. Ah the 

rows are known exact triangles. The top is applying RHoinz(— ,Z) to the exact 
triangle 

Rrc(C/et,Z) ^ Rrc{Uw,Z) ^ Honiz([/s,Q)[-2] ^, 

the middle is JS]) induced by the Artin-Verdier Duality Theorem, and the bottom 
is followed from the definition of ^*{U) and is indeed a short exact sequence. The 
middle column is obtained by applying 

Homz(-,Z) ^ Homz(-,Q) -> Homz(-,Q/Z) -> 

to the complex RTdUit,'^)- 

The top right hand and bottom right hand squares of the above diagram are com- 
mutative because they are commutative on and respectively (see Lemma l4?2l) . 
Thus, by property of derived categories, there exist morphisms in D(Z[G]) so 
that the first column is an exact triangle and the above 3 by 3 diagram is semi- 
commutative. 

Suppose RHom(T-^ Rrc(?7w,^),^)[— 2] is in the same class of A ^ i? as an ele- 
ment of the 2-extension group ExtG(Xs©Pic(C/), f/s). Then RHom(T^^3 YCTdUw, Z), Z)[-2; 
is in the class of image, says A' A- B, of A — > _B in ExtQ{Xs ® Pic(C/), Us), and 
Rrc(L/et, 3] is in the same class oi A' ^ B ^ Xg^^Q. In fact, one may 

choose A' to be {A ® Us) /Us and set /'(a, a:) = f{a). Note that Rr(f/et,Gm) is 
determined by a, more precisely by H'^{a) and H'^{a). It's easy to see that the 
exact triangle associated to the following exact sequence of complexes is in fact 
isomorphic to the middle row of the above diagram. 





A^^B ^^{U) 

A'^^B 



lo ^ ^ h 





We conclude that Rr(C/e-t, Gm) can be represented by ^ — > i? — J- ^{U) and it 
induced the exact triangle 

^•([/)[-2] Rr([/et,Gni) RHomz(T^^3 j^rc(C/w,Z),Z)[-2] ^ • 

□ 

Remark. By definition of the complex RGni- Rr(L/et, i?Gm) satisfies the following 
exact triangle 

(13) ^'iU)[-2] ^ RTiUeuGn,) ^ RTiUeuRGn,) ^ . 
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One expects that exact triangles U^) and U3\) are isomorphic, which would imply 
the quasi- isomorphism 

RHom(r-3Rrc(;7w,Z),Z)[-2] ~ Rr([/et, i?G„i)- 

Theorem 5.3. For any U — SpecOL^s, one has a quasi- isomorphism 

RHom(r^3 j^rc(C/vK,2),^)[-2] ^ RT{Uet, R<G^m), 

in L>(Z[G]). 

Proof. We first show that 

(14) HomB(^[G])(^*(C/)h2],Rr(C/et,GnO) ^ HoniG(J^'(C/),-ff'(C/et,G,„)) 
Observe that there is an exact sequence 

^ ®z Q ^ ^' ([/) Z ^ 0. 

Since Xsj Q and 0^ Z Z[Gal(F/Q)]) are G-cohomologically trivial, so is 
,'^*{U). By lemma l42l b). there is an exact sequence 

Exti {^'{U), H\U,H, G„,)) Homc(z[G]) [U) [-2] , RT{U,t , G„0) 



^ Home (f/),ff 2 ^0 

Note that Ext^(^'([/),ffi([/et,Gm)) = Ext^(X5^ ®zQ,Pic(?7)) = 0. Hence 
the isomorphism (jl4p . 

By Lemma 15.41 and by Theorem 15. 2[ we see that the induced homomorphisms 
on iJ^ 

for (IT^ and are both the canonical projections. Thus, exact triangles and 
([T^ have to be isomorphic, in virtue of isomorphism (|14p . Consequently, 

RHomz(r^3Rr,(;7vi.,Z),Z)[-2] ^ Rr(;7et,-RG^), 

ini:>(Z[G']). 

□ 

Corollary 5.2. Suppose that Pic(Spec(Oi?^5)) — aKc? 5 is stable under the action 
of G, then we have the following quasi-isomorphism 

Rr((Spec(Oj.,s))et,i?G„,)^*s, 
where s is the canonical Tate sequence associated to S . 

Proof. This follows from Theorem 15.31 and Theorem 14.31 □ 

Remark. (a) Theorem \5.3\ allows us to recover the Weil-etale cohomology groups 
HP{Uw,'^) by the hyper etale cohomology of the complex RG^- Also, 
one might find corresponding Weil-etale cohomology axioms in terms of 
iJP(C/,t,i?G„,)- 
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(b) The reason that it is hard to generalize Lichtenhaum's prototype to higher 
dimensional arithmetic schemes 2y is that there arc no Weil groups for 
higher dimensional fields. However, Theorem \ 5.3\ shows us a probability 
to generalize Lichtenhaum's prototype, because we do not use Weil groups 
when defining the complex i?Gni. One direct thought is that, for any n- 
dimensional arithmetic scheme , one may define a complex KL(ri) in 
Extj^(Z(n), so that the "L-dual of KT{^ ^t, R'^in)) defines certain 
Weil-etale cohomology theory, where J^'(n) is a complex of etale sheaves 
that depends on n. 

(c) Theorem \ 5.3\ suggests that for any etale U ^ X there could be a perfect 
pairing 

RHomy,, R G,n) x r-^ RTdUw, ^ 
for a certain class of U^t-sheaves 
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